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We derive the necessary and sufficient conditions for obtaining the first integral
of a nonholonomic system with linear homogeneous constraints from the first in-
tegral of the corresponding system freed of constraints, We present examples,

1, We consider a nonholonomic scleronomous mechanical system with the general-

ized coordinates 7', ¢, ..., ¢", the doubled kinetic energy 27" = gy, ¢ ¢’ and the
force function U == U (¢*). The system is subject to the » — k linear homogeneous
constraints ©”, ¢*-= (). In what follows the Greek indices &, [, v, ..., O take the val-
ves 1, 2, ..., n, while the Latin ones a, b, ¢, d take the values 1, 2, ..., & and p, ¢,
r take k -{- 1, ..., n.By introducing the new variables

q* = Olaxs'a (11)

we write the equations of motion in the following form [1]:
Ds*jdt = F¢, Ds = ds* + Theds®s™
F'=G"F, = G"a,"Qx = G™a, 0u | gx
Iy = G"Ty,
Lo, = D, v, pttg oo’ 4 grcttg*oay> [ d¢°.°
The vectors a, (%,*) are called the admissible vectors of the system and satisfy the
condition P, =0 (1.2)

The matrix G*' is the inverse of the matrix Go, = gap %a® @™ By Ix, v we de -
note the Christoffel symbols of the first kind, defined by the metric tensor gau.

We consider the case when the system moves by inertia, i,e,, U = const. As was
shown in [2], in order for A,s™® = ¢ to be a linear integral of a nonholonomic system,
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it is necessary and sufficient to fulfill the following conditions:
Vb +V A, =0 (1.3)
Suppose that the linear integral of a nonholonomic system has been obtained from §.¢™
after the substitution (1.1), therefore A, = E,a,*. The vector £, can be obtained in
an infinity of ways, Indeed, comsider the two systems of vectors
('011 ('02’ sy mk’ (')k+1, e, O 0% = gZuvUg®
0'11 a27 Pty akv ah‘+17 vy an..v an = ngva

Here the OP are vectors obtained from the nonholonomic constraints, the «, are admi-
ssible vectors, the matrix gM* is the inverse of matrix £»,. From condition (1,2) we
find that Apr0y® = 0. Let My = & + Pp»,”, where P, are arbitrary functions of q*.
Obviously, §,a,* = 1,«,*. Substituting A, = &,0,* into condition (1, 3), we obtain

acvaax (Vv‘é'/. + ngv) _‘_ E-K (V(',O'ux #F V(l(‘"r:z) == O (1'4)
a " A ald .
ch*ux = ;(]av o - Flp«uc)\aap _ l,caab’r'

\F.4 “e
F).;L =g Fp, 2L

where Iy are Christoffel symbols of the second kind,
If £, = cis a linear integral of a constraint-freed system (we subsequently write
CFS for brevity), it is known [3] that

VuEZ “%_ Vz&v = 0 (15)
Taking (1. 5) into account, from condition (1,4) we find
E (Vo 4 Voo %) =0 (1.6)

Conditions (1,6) are necessary and sufficient for that the linear integral A,s® = ¢ of

a nonholonomic system can be obtained from the linearintegral £yvg™” = ¢ of the corr-

esponding CFS, We assume that the integral £,q* = ¢ generates the integral A 8¢ = c.
From the way in which the objects 1", were defined it follows that

S MV ul =0 (1.7)
Relation (1, 7) can be written as
V.a,* = B, (1.8)

where the B, are functions of q". Taking (1. 8) into account, we obtain conditions
(1,6) in the form
Ez(’vpz (Bz‘u ’k— Btli() = O (19)

The condition

E.ap* = 0 (1.10)

is only sufficient, It is not necessary, notwithstanding the assertions in {4], As a matter
of fact, if we treat Ea,* as being unknown, (1, 9) is a linear homogeneous system of
not more than !/, & (k - 1) equations in n — % unknowns, Evidently when n is large,
the number of unknowns is greater than the number of equations, If the mechanical sys-

tem satisfies the requirement Bt Bl — 0 (1.11)

condition (1, 9) is satisfied identically, Consequently, every linear integral of the CFS
generates a linear integral of the nonholonomic system,
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Example 1, We consider the following problem [5].Two wheels of radius b connec-
ted by an axle of length 27 roll on a plane and may rotate freely around the axle, As
the generalized coordinates we select ¢! == @, ¢* =z, ¢* = y, ¢* =1, ¢° = ¢/, where
z, yare the coordinates of the system’s center of gravity, ¢ is the angle between the

z ~axis and the O10:-axis, 1} and 1’ are angles of rotation of the wheels, measured
from the vertical radius, The no-slip condition of rolling yields
a'cosyY 4y sin@ =0
—z'sing4-y cosp— Il — b’ =0
—z'sin@ +y'cos P - lp" —bp" =0
By introducing the new variables

B1=9, ¢P=—s"sing, ¢P=s"cosP
AR st Lo
¢i= ¥+, =% —F°

we find
a,(1,0,0,1/b, —1/0), oz (0, —sin @, cos@, 1/5, 1/ b)
From the constraint equations we obtain
©? (0, cos @, sin @, 0,0), ©*(—I —sin @, cosg, 0, —b)  ©° (I, —sin @, cos ¢,—b, 0)
Keeping in mind that
gu=2mlP=A, gn=gyu=2m+m' =B, gy=2gs=1+Ib/4P=C

where 7 is the wheel's moment of inertia about the center, I’ is the axle's moment of
inertia about the center of gravity, m is the wheel's mass and m’is the axle's mass, we

find .
O3 (07 COSB(p B _%EE‘ ’ 01 0)
( l sin @ cos ¢ bD C
M —Q@""B ' B 'C—D *“‘cz—Dz)
( L sin @ cos @ bC bD
“\@*T "B T B T =D D
By relations (1. 8) we obtain Bp® = —B and all remaining B%, = 0. Condition (1, 9)

yields £ as* =0 or £*0,® = 0.In developed form we have & cos @ + & sing =0 or
E2 cos ¢ + E¥ sin ¢ = 0.

If the linear integral of the corresponding CFS satisfies the condition described, it gen-
erates a linear integral of the nonholonomic system, Taking the form of £, into account,
we conclude that all the coordinates of the CFS are cyclic, Hence it follows that the
CFS' integrals

01" [ 09" = Cy, T |9y = Cs, aT | 6y = Cs
generate the nonholonomic system’s integrals

C—D C+D D—C . . C+D |
e L

We can immediately verify that these integrals of the nonholonomic mechanical system
do not satisfy condition (1,10), Condition (1,10) is geometric, i,e,, it does not alter
under the change of coordinate 9¢ == ¢*'(¢*) and under the transformation of vectors
oy, == yp ap, whendet || v}, [| % 0. Indeed,

p’
x’ %x g% GVAP oI -
Exear, = E Ag, A apyh, =E,0517 =0
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The definitions of the notion of a cyclic coordinate in [4, 6] differ, Even if we follow
the definition in [4], the linear integrals indicated do not correspond to cyclic coordin-
ates, According to this definition we must have 97 / 8¢™ = ( and o} == 0 [4] in Routh's

equation for ¢*° 4 or o7

at | ogm |~ e = Mok,

It is easily verified that the integrals satisfy the first condition, Therefore, ¢
cyclic coordinate; in other words, §:° = azo,where 6:0 is the Kronecker symbol, Since
&, w = & o} = o} = 0, the second condition is not satisfied, Consequently, the lin-
ear first integrals, homogeneous in the velocities, of the nonholonomic system do not
correspond to the cyclic coordinates in [4],

Example 2, Consider the free motion of a homogeneous ball of mass m = 1, rad-
ius a,radius of gyration %k on a horizontal rough plane [6], The motion is defined in the
coordinates ¢t = ¢, ¢* =19, ¢®* =0, ¢* =z, ¢®* = y. The doubled kinetic energy is

UM =y RO Y @7 - 29°) cos 6)

The nonholonomic constraints are written as

z' = asin P8” — a sin 0 cos o'

Yy = —acosPd’ — asin O sin Y-
Analogously to Example 1 we find

¢y (1, 0, 0, —a sin 9 cos, —a sin O sin )
oz (0, 1, 0, 0, 0)
oz (0, 0, 1, a sinp, —a cosP)

*o o isa

. acosy acos 0 cos P a sin P 1o
“A\RSme ' T AfsinQ T k2 %
asin P acosBsiny acosp 01
%\ RZsin® '~ k*sin® ' k' )
B.i% = — Bip* = B°sin0siny, Bp? = — B2’ = B°sinfcos P
B3, = —Bj} = B° cos 0 cos, B, == —B} == B°cus @ siny
Bl = — Byy== B° cos, By, = —BS, = B°siny

B}, = By, == By = By, = B}, = By =0,  B°=1thak? ! (a* 4 k?)
It follows from condition (1,11) that each linear integral of the CFS generates a linear
integral of the nonholonomic system,

Upto now we have been considering the problem when the CFS’s linear integral gen-
erates the nonholonomic system’'s linear integral, The inverse problem is stated in the
following way, Suppose that we are given the integral A,s® = C of a nonholonomic
system, We need to establish whether it is generated by a linear integral of a CFS, i,e,,
whether we can represent A, in the form

7‘(1 = NylUa™ (1‘12)

where 1g* = C is the CFS's linear integral, Consequently, we must verify the exist-
ence of a vector Ex = My - Ppx? satisfying the Killing's equation [3], and ), is de-
termined from (1,12), Let us show by means of an example that not every integral of
the nonholonomic system is generated by an integral of the corresponding CFS,
Example 3, Consider Chaplygin's sleigh on a horizontal plane when the direction
of the runner is perpendicular to the segment connecting the center of gravity and the



On the first lategrals of a nonholonomic mechanical system 385

cutting point [7]. As was shown in [8], #° / cos ¢ = C is a linear integral of the nonhol-
onomic system, In other words, A, == 0, 2 == 1/ cos ¢ yield a vector defining the system’s
linear integral, We find that n, = 0, 2 = cos ¢, 1; == sin (. Hence we obtain

1= 0, fe=cosp —ptye, Ey==sing +p

We can directly verify that a p does not exist for which £, satisfies the Killing equation,
In the case when U =& const (the system does not move by inertia), conditions (1, 3)

and hoF® =0 (1.13)
are the existence conditions for the ncnholonomic system’s linear integral of the form

Los® = C, For the linear integral £.g* = C of the CFS to generate a linear integral
of the nonholonomic system, we must fulfill, in addition to condition (1, 9), the further
condition [1, 2) ﬁxua"GabQ-)(lbv -0 (1.14)
Condition (1,14) is essential, With every system containing [/ == const we can associate
a system moving by inertia, If Mg == C is a CFS’s linear integral, which generates a
linear integral of a nonholonomic system moving by inertia, and if it also is the linear
integral of a CFS which does not move by inertia, then it does not follow that this inte-
gral remains an integral of a nonholonomic system not moving by inertia,

Consider the system in Example 1, Suppose U = U (¢). The integral o7/ o' = (3
also is an integral of a CFS since £*9U / 2% = 0.0On the other hand, condition (1,14) is
not satisfied identically, Indeed,

20 = GnCP'Z -t Gas'® 0

i Lo 4 - D

Gu=gre= At € =D, Ga=gm=Btg (C+D
G = (G2 = QKau“:aU/ Q, Qxa'-’-x=0

s

<

The left hand side of (1,14) has the form

I b—C 8U 0
b Gu 09 *
Consequently,

b l(p. —}— b S. = Ca

is not an integral of a nonholonomic system with U == U ().
In the general case, if we bear in mind that

ab A pa,., Ay it 4
g =GV a0y - G, e (1.15)
where the matrix G*? is the inverse of matrix Gpy, = £ %", we can write condi-

tion (1,14
ion (1,14) as EHQK _ quapxaavoxgv -0
If E,¢* = C is an integral of a CFS, E,Q* = 0. In order to climinate the necessity of
considering (1,14), we must fulfill the condition
G % a, Oty =0 or G™Fphg = 0
Ay == Ext %, Fp= Qo (1.16)
Relation (1,16) shows that the perpendicularity of the vectors /', and A, in the metric

defined by the object G, is a necessary and sufficient condition for eliminating the
need of considering (1, 14),
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2, We go on to consider the quadratic integrals of a nonholonomic scleronomous me-
chanical system moving by inertia, The general form of such an integral is

baes?sC = C (2.1)
In order for (2,1) to be an integral of a nonholonomic mechanical system it is necessary
and sufficient [2] to fulfill the following condition;
Vabge -+ Vabeq + Vcbad =0 (2‘2)
Suppose that the quadratic integral has been obtained from the expression @aug g™
after substitution (1,1), then b,, = ayuot, e M. By substituting these expressions into
condition (2,2), we find
og*oghao (vxaw -+ Vaayux -+ Vp.axk) +
A
+ @ty ((Baa + Baa) o + (Bie + Bro) ot + (Bew + Bio) o]l = 0 (2.3)
If aypg*3* = C is a quadratic integral of a CFS, we have [9]
vxa)\p + v).ap.x + Vu.a'nh =0 (2’4)
Then, taking (2,4) into account, from (2, 3) we obtain

@0 [(Bha -+ Bhy) o -+ (BR. + Bha) ol + (Bh 4 Bh)olil = 0 (2.5)

Condition (2, 5) is necessary and sufficient for an integral of a CFS to generate a quad-
ratic integral of a nonholonomic system, Just as in the case of linear integrals we see
that the condition
apoiptat =0 (2.6)
is sufficient for a quadratic integral of a CFS to generate a quadratic integral of a non-
holonomic system, The general solution of the system of Eqgs, (2.6) is

@iy = Pep@0p" - Py, 00 (2.7)

where 041, Pp, are symmetric objects, In the general case formula (2,7) does not yield
all the solutions of system (2, 5).

Consider Exampie 2, Condition (1,11) is fulfilled, therefore, condition (2, 5) is satis-
fied identically and consequently each quadratic integral of the CFS generates a quad-
ratic integral of the nonholonomic system, These results are natural if we keep Sumba-
tov's theorem [10 ] in mind, It can be immediately establishéd that the constraints are
the linear first integrals of 2 CFS moving by inertia, Consequently, in the notation ad-
opted in [10], we obtain R,;=0, Since Q, == 0,we have Ry; = 0. Then ¢ = 0 satisfies
the theorem's requirements, Consequently, the Hamilton-Jacobi equations for the CFS
and the nonholonomic system coincide, We thus conclude that the phase trajectories of
the nonholonomic system are part of the phase trajectories of the CFS, Every integral
of the CFS, retaining a constant value on the phase trajectories of this system retains
the very same constant value on the trajectories of the nonholonomic system, So that
every integral of the CFS generates an integral of the nonholonomic system,

When a mechanical system does not move by inertia, it admits, besides an integral
of form (2,1), of a quadratic integral of the form

bacs.as.c + V _— C (2.8)
where V is a function of the ¢*. Conditions (2,2) and

bpF® =0 (2.9)
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are the conditions for 2 mechanical system to admit of integrals of form (2,1) {2], while
conditions (2, 2) and

av
2by F° + 3 x* =0 (2.10)

for it to admit of integrals of form (2, 8), In both cases condition (2, 2) goes over into
(2.5), Conditions (2, 9) and (2,10) impose additional constraints, Keeping (1,15) in
mind, for (2, 9) we obtain

d ® % elid * *
Ay OHG™ Qxly” = a0y Qx (g% — GMapla,”) = anoy oY = by F? =0

If a,uq*q¥ = C is an integral of a CFS, then the first term [9] equals zero and (2. 9)
takes the form bypF? =0 (2.11)
In the same way, for (2,10) we find

(20, Q" + OV 1 8g") ok — b, FP = 0
If ang g™ + V = (is an integral of a CFS, then [9] the first term equals zero, so
that condition (2,10) turns into (2,11) and, consequently, coincides with (2, 9),

Consider Chaplygin’s sleigh once more (Example 3), For this system the doubled kin-
etic energy and the nonholonomic constraint are

2T = (z" 4 lcos @@ P + (¥ -+ I5in @@')? 4 ¥2q%; dy = tg pdz
Then the quadratic integral of the CFS is
(@ +1cos Q@) -+ (v' + Ising@’)t =C (212

On the other hand, we can choose «, (1, 0,0), as (0, 1, tg @) as the admissible vectors,
If we drop the indices on o, and o2 and use the nonholonomic constraint, we find

@l (&% 4 2, 1 cos @, Ising¢), w?{l/cosq, 1, tg9)
@® (0, —tg g, 1)

We can directly establish that
Ay,
It follows from formula (2, 7) that if we substitute y = tg ¢ 2’ into (2, 12), we obtain
the nonholonomic system's quadratic integral
cos2 @z’ 4 leosgp)=C

= cos? 90,20, 2 4~ cos? cpm;ﬁmps

3, The proposed method can be extended, by using [1], to the first integrals of a
nonholonornic system moving by inertia, which have the form

Buc...as5° ..o = C (3.1)
It can be shown that this is the most general form of a first integral, being a rational

entire function of the generalized velocities, Proceeding in exactly the same way as
in Sect, 1 and 2, we obtain the necessary and sufficient conditions for a CFS's first in-

tegral of the form G GG g = C (3.2)

to generate a nonholonomic system’s first integral, After we have substituted (1,1) into
(3.2), we get t5&{: d =, vaaxacp' s e Oy
All the arguments in Sect, 1 and 2 extend to the general case, The expressions obtained

are cumbersome, The remarks made remain in force when the mechanical system does
not move by inertia,
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We make a qualitative investigation of a dynamic system by bifurcation-theore-
tic methods [1], using the property of the monotonic rotation of the direction
field, We trace the possible bifurcations and the behavior of the bifurcation cur-
ves in various sections of the parameter space, The system has been examined
before [2, 3], however, a complete qualitative investigation has not been made,

1, Rotation of the field, We examine the system

d d . Y j
ch-: = P, d—?zﬁ-—sm(p——%csm:Q (1.1)

for positive o, f} and s. The difference between the direction fields of system (1.1)
with parameters 3, &, So and of an altered system with parameters B, &y, 81 for

y +0is

2 (8081 (3480 — o51) -+ (151 — %g80) ¥1 [(s0* 4 y*) (s, + )™ (1.2)



